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Abstract

A finite volume discontinuous Galerkin scheme for nonlinear scalar convection-diffusion
problems in three dimensions with Dirichlet boundary conditions is formulated. The
scheme is implemented using Concepts with piecewise linear orthogonal basis functions
on unstructured tetrahedral meshes; with linear advection flux and Burger’s flux; with
upwind, Lax-Friedrichs, Godunov and Osher numerical fluxes; with an adaptive limiting
strategy and with an Euler and a total variation diminishing Runge-Kutta timestepping
scheme of second order.
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1 Formulation of the FV DG Method

This chapter presents the Finite Volume Discontinuous Galerkin (FV DG) method as
considered in [3]. Furthermore, it shows the formulation of the fully discrete scheme.

As we will test our implementation without diffusion first, special attention is drawn
to the case of a pure convection problem.

We first present the continuous problem. Then, we discretize in space. The obtained
semidiscrete problem is equivalent to a nonlinear system of ordinary differential equa-
tions. The fully discrete scheme is finally obtained applying a suitable time discretization
to this system. This approach to the numerical solution of initial-boundary value prob-
lems via the space semidiscretization is called the method of lines.

1.1 Continuous Problem

Section 1.1.1 covers the full convection-diffusion problem. It is essentially a summary
of chapter 1 of [3]. Section 1.1.2 describes the necessary modifications when a problem
without diffusion is considered.

1.1.1 Full Convection-Diffusion Problem

Let Q C IR? be a bounded polyhedral domain and T > 0. We set Q7 = Q x (0,7). By
Q and 02 we denote the closure and boundary of 2, respectively. Let us consider the
following initial-boundary value problem: Find u : Q7 — IR such that

Ou+V - -flu)=cAu+g inQr

u ‘an(o,T) = Up -

u(x,0) = u’(x), e (1.3)

We assume that the data satisfy the following conditions:

f={f}_,: f, € C'(IR) are Lipschitz-continuous and f,(0) =0
e>0

g€ C(0,T]; I2(9)

up = trace of some u* € C([0,7]; H'(2)) N L>(Q7) on 99 x (0,T)
u’ € L*(Q)

~ o~ o~ o~ o~
—_ = =
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1 Formulation of the F'V DG Method

We use the standard notation for function spaces: LP(2), LP(Q)r) denote the Lebesgue
spaces, WkP(Q), H*(Q) = W*2(Q) are the Sobolev spaces, LP(0,T; X) is the Bochner
space of functions p-integrable over the interval (0,7") with values in a Banach space X,
C([0,T); X) (C*([0,T); X)) is the space of continuous (continuously differential) map-
pings of the interval [0, 7] into X. By H{(2) we denote the subspace of all functions
from H'(Q2) with zero trace on 9.

We consider our problem for 3-dimensional domains 2. The assumption that f;(0) = 0,
s € {1,2,3}, does not cause any loss of generality, as can be seen from equation (1.1).
The functions f; represent convective terms, ¢ > 0 is the diffusion coefficient. The
diffusion term can be, in general, more complicated (in some cases even nonlinear). It is
also possible to consider mixed Dirichlet-Neumann boundary conditions. For simplicity
we prescribe Dirichlet conditions on the whole boundary.

A sufficiently regular function satisfying (1.1) — (1.3) pointwise is called a classical
solution. It is suitable to introduce the concept of a weak solution. To this end we
introduce the following notation:

(u,v) = / uwvde, wu, veL*Q): scalar product in L*(Q) (1.9)
Q
a(u,v) = E/VU-VU dz, wu, ve HY(Q) (1.10)
0
b(u,v) = / V- -f(u)vde, ueH(Q)NL®Q), vel*Q) (1.11)
0

1/2
|ull gy = (/Q (|u\2+ \Vu|2) d:c) , uw€ HYQ): normin H'(Q) (1.12)

1/2
W (/ Vul'de) ", we H'(Q): seminommin H'Q)  (113)
Q
It is known that | - ;1) is a norm on Hy(Q2) equivalent to || - || (g

The weak solution of (1.1) — (1.3) is defined as a function u satisfying the conditions
u—u* € L*0,T;Hy(Q), ueL®Qr) (1.14)

d
3z (4(8), v) + b(u(?), v) + a(u(t), v) = (g(¢), v) (1.15)

Vv € Hy(Q) in the sense of distributions on (0, 7’)

u(0) =uy in (1.16)

By u(t) we denote the function on € such that u(t) (x) = u(x,t), x € Q.
It is possible to prove that there exists a unique weak solution. Moreover, it satisfies
the condition dyu € L?(Qr). Then (1.15) can be rewritten as

(Oru(t),v) + b(u(t), v) + alu(t),v) = (g9(t),v) (1.17)
Vv € Hy(Q) and almost every ¢ € (0,7)



1.2 Space Discretization

We say that u satisfying (1.14) — (1.16) is a strong solution, if
u € L*(0,T; H*(Q)), o € L*(0,T; H'(Q)) (1.18)
It is possible to show that the strong solution u satisfies equation (1.1) pointwise (almost

everywhere) and u € C([0,T], H*(Q2)).

1.1.2 Pure Convection Problem

In the special case of a pure convection problem, i.e. € = 0, equation (1.1) reads:
Ou+V-f(u)=g inQr (1.19)

This equation is hyperbolic, and therefore it is not possible to prescribe Dirichlet bound-
ary conditions on the whole boundary 02 as in (1.2).

We consider two possible replacements for (1.2). The first possibility is to prescribe
periodic boundary conditions. In this case, the domain €2 needs to be the result of a
periodic partition of IR®. We choose:

Q=(0,1)* (1.20)

The second possibility is to prescribe Dirichlet boundary conditions only on the inflow
boundary I';,:

Cin(t) = 00N {x;n - 0y f (u(x,t)) < 0} (1.21)
I_Wout (t) = 00 \ Fm (t) (122)
u(x,t) =up(x,t) Vi€ (0,T), € Ty(t) (1.23)

n denotes the outer unit normal of 0Q. Note that the boundary condition is now (im-
plicitly) time dependent, i.e. I';, may grow or shrink over time. Moreover, I';, depends
on u, which is not a-priori known.

1.2 Space Discretization

Essentially, this section is a summary of chapter 2 of [3]. Section 1.2.1 introduces the
used triangulations and in section 1.2.2, the broken Sobolev spaces are presented. We
then derive the discontinuous variational form in section 1.2.3 and the discrete variational
form in section 1.2.4.



1 Formulation of the F'V DG Method

1.2.1 Triangulation

Let 7, (h > 0) denote a partition of the closure Q of the domain € into a finite number
of closed 3-dimensional convex polyhedra K with mutually disjoint interiors. We call 7},
a triangulation of Q. Although the usual conforming properties from the finite element
method are not required , we choose 7}, to be a mesh of tetrahedrons K without hanging
nodes.

We shall use the following notation. We set hx = diam(K), h = maxger, hx. By |K|
we denote the 3-dimensional Lebesgue measure of K, i.e. the volume. All elements of
T, will be numbered so that 7, = {K;}icr, where I C ZT = {0,1,2,...} is a suitable
index set. If two elements K;, K; € T}, contain a nonempty open face which is a part of
a plane, we call them neighbours. We set in this case

and assume that the whole set I';; is a part of a plane. (See Figure 1.1, showing a possible
situation.) We set

F = {(i,j); i, j € I, Kj is a neighbour of K;, i < j} (1.25)

Figure 1.1: Neighbouring elements K;, K

The boundary 012 is formed by a finite number of faces of elements K; adjacent to
09Q. We denote all these boundary faces by S;, where j € [, C Z= ={-1,-2,...} and
set

G = {(i,5); 1€l, jel,, Sjisaface of K;} (1.26)
Fz’j = Sj for K; € T such that Sj C 8KZ, j € 1.
F = FUG (1.27)



1.2 Space Discretization

Furthermore, we use the following notation: m;; = unit outer normal to 0K; on the
face I';; (see Figure 1.1), |I';;| = 2-dimensional measure of I';;, i.e. the area of I';;, and
1.2.2 Broken Sobolev Spaces

Over the triangulation 7, we define the broken Sobolev space

H*(Q,T) = {v;v|x € H¥(K)V K € Ty} (1.28)
and equip it with the norm
1/2
lellaem = (3 Iolnw) (1.29)
KeTy

and the seminorm
) 1/2
vlar@n) = (Z \U\Hkuq) (1.30)
KeTh,

For v € H(Q,7,) we introduce the following notation

vlr,; = the trace of v|g, (€ H'(K;)) on Ty (1.31)

v|p,, = the trace of v|x, (€ H'(Kj)) on I (1.32)
1

<U)Fij = 5 (U|Fij + U‘Fji) ) [U]I‘ij = U‘Fij - ,U‘Pji (1'33)

1.2.3 Discontinous Variational Form

In order to derive the discrete problem, we start from the strong solution u, multiply
equation (1.1) by an arbitrary v € H%(Q,7,), integrate over each K; € T, and apply
Green’s theorem. We obtain the identity

/K‘ O v dx + - f(u(t)) -nvdS— /K f(u(t)) - Vo de (1.34)

+E/KiVu(t)-VU dw—s/aKi(Vu(t)-n) UdS:/}QQ(t) vde

Here n denotes the unit outer normal to 0K;.
Summing (1.34), over all K; € 7, and using the relations

/ (Vv) -ny; [u] dS =0 (1.35)
<V”U>1"ij = VU‘FH = Vu|rji (136)
/ (Vo-n)ut)dS = [ (Vv-n)upt)dS Vjel, (1.37)



1 Formulation of the F'V DG Method

valid for the strong solution u, test functions v € H?(f2, T,) and the boundary condition
(1.2), we obtain the identity

(Gpu(t),v) + Y -my; [v] dS (1.38)
(3,9)eF P”
+Z/f )-ny; vdS — Z/f Vo dz
(1,§)€G el

—i—aZ/ Vu(t) - Vv de

1€l

—€ Z/ ) -mij[v] dS + s € Z/ -mj[u(t)] dS
(i,4)eF Tij (i,§)eF Ly
—82/(VU()- vdS+ssZ/ ) dS
jen, 7 5 JEL,
/ v dw-i—ssZ/ p(t) dS

JEL
We have added some terms consistently with a free constant parameter s. Usual
choices are s = —1 and s = 1. See section 3.2.2 for the consequences on the numerics.

1.2.4 Discrete Variational Form

Now we shall introduce the discrete problem approximating identity (1.38) with the aid of
the DG FE method combined with a F'V approach. We define the space of discontinuous
piecewise polynomial functions:

SPHQ, Ty) = {v;v|xk € PP VK € Ty} (1.39)
= span{z{'z5?25® : a; € Ny, a1 + ag + a3 < p} (1.40)

Further, we set
Sy = SN, Th) (1.41)

Now, we derive the discrete problem in such a way that in (1.38) u(t) is approximated by
up(t) € Sp, v is replaced by vy, € S,. In the expressions corresponding to the convection
terms containing the flux function f(u) we use the approximations u(t) &~ m,up(t),
v & mv,. m, and m, are the limiters used for ansatz- and testfunctions respectively.
Limiters are used to avoid spurious oscillations near discontinuities, which in the worst
case can lead to numerical instability of the method. We are considering three possible
choices of 7, and 7,:

Tu = Tpy=1 (1.42)
Ty = Tad, Ty =1 (1.43)
Ty = Ty, =Tmp (1.44)



1.2 Space Discretization

m.q denotes the adaptive limiter, my the non-adaptive limiter, and 1 the absence of a
limiter. See section 1.4 for the definition of the limiters my and m,4. Similarly as in the
FV method the fluxes fr -n;; [v] dS will be approximated with the aid of the so-
n;;) [mv] dS
for (i,5) € F. Of course, for (i,j) € G and T';; C 99, it is necessary to specify the
meaning of K; and m,ulr,,. In the case of prescribed Dirichlet boundary condition on
I';;, we put

called numerical flux H (u u' n) by the expression frij (myuilr,,, Tyu|r

ij? Jji?

Kj = Kz’; 7Tuu|rji = U’D|Fij’ for (Z,]) eG (145)
If no boundary conditions are prescribed on I';;, we shall use the simple extrapolation
K; = K;, myulr;,, = mulr,;, for (i,j) € G (1.46)

In this way we obtain the approximation by (u,v) of the convection form b(u,v):

Z / H(myulr,;, myulr,;, ng) [mov] dS (1.47)
(i,.4)eF

+ Z H(myulr,;, Tutlr;;, nig) mv dS — Z (u) - Vo de
(1,9)eG Lij i€l Kl

We shall assume that the numerical flux has the following properties:

Assumptions (H):

1. H(u,v,n) is defined on R? x S;, where §; = {n € IR?;|n| = 1}, and is Lipschitz-
continuous with respect to u, v: for u, v, u*, v* € IR, n € &; holds

|H(u,v,n) — H(u*,v*,n)| < Ci(ju —u*| + |v — v*) (1.48)

2. H(u,v,m) is consistent:

H(u,u,n)=f(u)-n, uelR, nes (1.49)

3. H(u,v,m) is conservative:

H(u,v,n) =—-H(v,u,—m), u,veER, nes (1.50)



1 Formulation of the F'V DG Method

Now we introduce for u,v € H?(S2,T;) the forms

ap(u,v) = SZ/ Vu-Vvdz (1.51)

i€l

—52/ (Vu) nw[fudS—l-ssZ/ ) - mijlu] dS
(ij)eF i (ij)er Tii

- € Z / (Vu-n;;) vdS + se¢ Z / (Vv-ny;) v dS
(ig)ec ™ (i) i

L(v) (t) = (g(t),v) + se Z / up(t) (Vv-ny;) dS (1.52)
(ij)eG 7 1
1

+ € Z up(t) v dS
e WTi5) Jry
4,j)EG

In(u,v) = Z C“%”)/F [u] [v] dS + Z /1“ uvdS (1.53)

Since S, C H?*(Q,7T), the above forms have sense for u = uy, v = v, € Sy. In the
discrete problem the form J;, represents a stabilization term and replaces the continuity
requirement of the approximate solution in conforming FE methods.

Now we define the semidiscrete approximate solution as a function wu, : Qr — IR
satisfying the conditions

Up, € Cl([O,T];Sh) (154)

(8tuh(t), Uh) + ah(uh(t), ’Uh) + bh(uh(t), ’Uh) (155)
+8Jh(uh(t),’l}h) = Eh(vh) (t) Vo, €S te [O,T]

(un(0),vn) = (u°,vn) Y vn € Sh (1.56)

Taking into account that the exact strong solution u satisfies (1.38), [u]|r;, = 0 and
u|aax(0,r) = Up, we can see that for v, € Sp,t € (0,T) it satisfies (1.55).

1.3 Nonlinear System of ODEs

In order to transform (1.55) into a system of ordinary differential equations (ODEs), we
choose a suitable basis ¢, of Sj:

dim(Sy) = N, S, = span{p,(z)}_ (1.57)

m=1



1.4 Limiter

We define the column vector ¢(x):

P(@) = {¢m(@)}m-r (1.58)

Using this definition, u; and v, can now be written in this basis:

un(t) = Zum om() = u(t) - p() (1.59)

w3 v ale) = (@) v

We now plug (1.59) into (1.55) and use the linearity of b,(-,-) in the second argument,
the bilinearity of (-,-), an(-,-) and Jy(-,-) as well as the linearity of I,(-). This yields:

" Mv+uTAv + b(u) v +cu’ Jv=1(t)Tv VveRY (1.60)
where
(M)mn = (Pm;¢n) (1.61)
(A)mn = ah(som, ©n) (1.62)
(b(w)n = ba(u-e(z),pn) (1.63)
(S)mn = Jh(‘PmaSD ) (1.64)
Ut)n = h(on)(t) (1.65)
As (1.60) has to hold V v € IRY it can be rewritten after transposition as:
M4+ ATu + b(u) + eJTu = (1) (1.66)
Rearranging (1.66) yields:
MTa = —(ATu+b(u) +eJ u) +1(t) (1.67)

This nonlinear system of ODEs has now the form which allows to plug it into a suitable
timestepping scheme. The schemes we implemented are presented in section 2.7.

Note that all terms are fully defined above, but the nonlinear advection term b(u) and
the right hand side I(¢) require integrations which in general cannot be done in closed
form. We will therefore use the quadrature formulae presented in section 2.3.2.

1.4 Limiter

In this section, the different limiters implemented in this work are presented.



1 Formulation of the F'V DG Method

1.4.1 Non-adaptive Limiter 7

When piecewise linear shapefunctions are used, i.e. for v € SH~1(Q,7,), the numerical
solution near discontinuities produces unphysical oscillations. These oscillations can be
damped in the whole computational domain 2 by using a projection of the shapefunc-
tions on the space of piecewise constant function S%»~1(Q, 75) for the advection terms:

1
VoMU MeU|g = m/vdeKEﬁ (1.68)
K

However, the order of the method is reduced to one when using a my-limiting globally.
To prevent this degradation in the accuracy, an adaptive limiter can be used, which
limits selectively the elements near discontinuities. An adaptive limiter with this ability
is presented in the following section.

1.4.2 Adaptive Limiter 7,
The limiting procedure consists of two steps:

1. Choosing the elements which need to be limited.

2. Applying the limiter to those elements.

For the first step, a suitable criterion is needed. The criterion used here was presented
in [4]. It is based on the following observation

[uf] = O(h*) for smooth regions (1.69)
[uf] = O(1) near discontinuities (1.70)

where [u’ﬁb] is the inter-element jump of the numerical solution. Integrating over the
edges of an element K yields

1

gk = -5 . [u’,j]2 dS = O(1) for smooth regions (1.71)
1

¢ = 2, [u’g]Q dS = O(1) near discontinuities (1.72)

We define the adaptive limiter m,4 as

f >1
U= TaqUl:  Taqllg = {ZO“ fgi z§<1 VKeT, (1.73)

where gk is the indicator defined below. Hence the adaptive limiter projects the function
u|x onto the space of constant functions if the indicator criterion gx > 1 is complied.
We use the indicator gg

gk = 1%2 > |r1|/ [uf]*dS, a € [2,6] (1.74)
1j] JTy;

(Kl 5™ iper

10



1.4 Limiter

where « is a tuning parameter in the range [2,6]. The influence of « on the limiting
behavior can be deduced from equation (1.71) and (1.72): The limiter acts more restric-
tive as the value of « increases because even smaller deviations from optimal smooth
conditions entail a limiting of the element. The element’s volume |K| is used to weight
the mean value of the jump [uﬂ in order to guarantee that the allowed magnitude of
the jump decreases in refined meshes. |I';;| is a measure for the element’s face. In [4],
|T';;| was replaced by diam(K) (in two dimensions).

11






2 Implementation in Concepts

In this chapter, some of the implementation details are presented. The code written for
this work is part of the Concepts library, which is presented in [5].

2.1 Class Design

To solve equation (1.1) using the FV DG method, additional structures needed to be
implemented in Concepts. Some of them are just refinements of available structures,
which will be addressed in section 2.1.1. In addition, some new concepts were introduced,
namely numerical fluxes and element pairs which reflect the finite volume perspective of
the method. These topics will be covered in section 2.1.2.

2.1.1 Extensions

As presented in chapter 1.2.2, the spaces of the FV DG method are special in the sense
that they have discontinuous shape functions. This is reflected by the introduction of the
abstract class FvdgSpace which reflects a general FV DG space. Spaces with different
polynomial degree are implemented in separate classes (FvdgSpacePO, FvdgSpaceP1)
as can be seen in figure 2.1. These spaces correspond to the spaces S®»~'(Q,7T) and
SH=1(Q, T) introduced in equation (1.39). Similarly, to every concrete FV DG space
belongs a class for an FV DG element (FvdgPOTetElem, FvdgPiTetElem) which is de-
rived from the abstract base class FvdgElement. Note that FvdgElement models only
tetrahedral elements and that the rest of the FV DG classes presented here rely on this
by hard-wiring the quadrature rules. The element classes for the F'V DG methods offer
additional functionality that facilitates the access to information related to the element’s
representation in physical space, i.e. physical coordinates of its vertices and edge cen-
ters and the like. This is necessary since in the FV DG method - opposite to classical
FE methods - expressions are evaluated in the physical space and not on the reference
elements. See section 2.5 for further details.

The application of the FV DG method to hyperbolic and parabolic equations requires
the use of the timestepping classes provided by Concepts. Especially, the classes for the
time dependent part of the diffusion I, (v) in equation (1.52) (see section 2.6) inherit from
TimeLinearForm. Several new timestepping strategies were added, which are presented

13



2 Implementation in Concepts

in section 2.7. Some additional timestep strategies allow the use of a limiter. The
concept of limiters is introduced in section 1.4. To optimize the performance of the
timestepping by exploiting the diagonal structure of the mass matrix (see section 2.3 for
details), a class for diagonal matrices (DiagonalMatrix) along with facilities to easily
invert them (DiagonalSolver, DiagonalSolverFabric) was implemented and added
to the Concepts namespace.

2.1.2 New Concepts

As presented in section 1.2.3, terms in the FV DG method often have face integral
contributions:

Z /'F f(uh,vh)dS (21)

(i.4)eF

Since Concepts provides no means to store the adjacency lists F, G in (1.25) and (1.26),
the concept of element pairs and element pair lists (which allow to iterate over a list of
element pairs in the same way this is done for element lists) was introduced. The class E1-
ementPairList acts as a container class for objects of ElementPair. ElementPairList
and ElementPair belong to the Concepts namespace. The class FvdgElementPair rep-
resents a specialization of ElementPair, as can be seen in 2.1. Additional information on
the common face of the pair’s elements are stored for performance reasons. The element
pairs are used by the class Advection for the face integral terms in the convection terms
and by the class Assembly for the assembly of the matrices belonging to the face integral
terms in the diffusion term. For Assembly, a special form of the class BilinearForm,
the class FvdgBilinearForm representing must be provided to be able to exploit the
additional information in FvdgElementPair. The bilinear terms ay(u,v), Ju(u,v) from
equations (1.51) and (1.53) are modelled by the classes LaplaceVolBf, LaplaceIn-
nerBf, LaplaceBoundaryBf and PenaltyBf. The linear term ¢, (v)(¢) is collapsed into
a single linear form FvdgTimeRhsDiff, which inherits from TimeLinearForm so that it
can be used as a time dependent right hand side in the timestepping algorithms.

The class Advection is the representation of the non-linear convection term by, (u,v) in
equation (1.47). It is dependent on the concepts of flux functions and numerical fluxes,
as can be seen in figure 2.2. The flux functions available are a linear advection flux (class
LinearAdvectionFlux) and Burger’s flux (class BurgerFlux). These flux functions are
described in section 2.4.1. The numerical flux classes are Upwind, LaxFriedrichs,
Godunov, Osher, the form of which is described in section 2.4.2. The limiter classes
implemented are FvdgPiOLimiter, FvdgAdaptiveLimiter. See section 1.4 for more
details on the use and form of them.
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Figure 2.1: Element and Space Classes. This UML (Unified Modelling Language) diagram shows the

relationsships between the core classes of the FV DG method implemented. Especially, the

role of the element pair ElementPair and element pair list ElementPairList as an extension

of the scanner concept, which allows to scan not only over the element, but also to scan over

the faces of element pairs.
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In order to optimize the performance, the

This UML diagram shows the relationship between the core classes

solving the advection parts in equation (1.1).
the implementation of which is realized in the associated classes Upwind, LaxFriedrichs,

numerical flux NumFlux and the flux function FluxFunction can be thought of as a concept,
Godunov, Osher, resp. LinearAdvectionFlux, BurgerFlux.

Figure 2.2: Advection Classes.
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2.1 Class Design

2.1.3 Utility Classes

The utility classes don’t directly model any of the terms in the equations (1.51)—(1.53)
but are used to investigate the methods properties.
The class Norm collects methods to calculate the following norms:

e Discrete Maximum Norm:
calculates the maximum norm of a function u,(x) = u - p(x) € Sy

discrete L*® norm : u — max v - e(x) = ||unllze@,7) (2.2)

e Discrete Matrix Norm:
calculates the norm of a function up(x) = w- (x) € Sh, induced by the matrix B

discrete matrix norm :  u, B - Vvu”Bu (2.3)
note:  VuTMu = |[ual|r20,7)

e Broken H! Seminorm:
calculates the broken H! seminorm (1.30) of the difference between a function
up(x) = u - p(x) € S, and another function u* € C'(Q). The seminorm is
calculated using the quadrature rule presented in section 2.3.2. It is therefore only
exact for functions u* € P%(Q).

broken H' seminorm : u, Vu* — ||V (u- ¢(-)) — Vu*||20,7) (2.4)

= |u-o()—u|m@mn)

e Broken Maximum Norm:
calculates the broken L* norm of the difference between a function u,(x) = u -
p(x) € Sy, and another function u* € C*(Q).

broken L*® norm : u,u* — ||u-@(:) — u"||e@,7) (2.5)

e Broken L' Norm:
calculates the broken L! norm of the difference between a function uy(z) = u -
p(x) € Sy and another function u* € C'(Q2). The norm is calculated using the
quadrature rule presented in section 2.3.2.

broken L' norm : u,u* — |ju-@(-) — u*||r107n) (2.6)
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2 Implementation in Concepts

The class NodalBurgerError calculates an error measure for Burger’s flux, which is
described in section 2.4.1.

The class TimeStepEstimator calculates an estimate for the timestep size based on
an initial condition and the CFL criterion

h
At < ¢ — 2.7
< cq (2.7)
where C is defined in (1.48). As we do not know C explicitly, we estimate the timestep
as follows:

hy
At = ¢ min min ———— 2.8
est KeT, zev(K) | f'(ud(x))] (28)
where u) is the projected initial condition and h is an appropriate measure for the size
of K € T,. We get the best results putting hx = |K|'/3. The constant ¢ needs to be
chosen by the user to suit the stability criterion of the timestepping scheme used.

2.2 Mesh generation

2.2.1 General Nonperiodic Domains

For the generation of meshes of general domains, i.e. 2 — 7, we do not implement
our own code. Instead we use Netgen [8]. In order to get the mesh from Netgen into
Concepts, we want to use the existing mesh import classes from Concepts. We therefore
wrote an add-in to Netgen which allows to export the mesh in the suitable file format.

The mesh import interface of Concepts requires three files. The first file contains
a numbered list of nodes with their coordinates. The second file contains a list of
tetrahedrons, defined by four node numbers. The order of the nodes must be strictly
right- or left-handed throughout the whole file. The third file contains a list of boundary
triangles, defined by three node numbers and its attribute, i. e. the boundary condition.
The mesh import interface of Concepts is able to reconstruct all additional information
like shared edges and inner faces from the given data in time O(N) where N denotes
the number of tetrahedrons. As reading the files also takes time O(N), it is not worth
passing more information from Netgen to Concepts.

The information needed to write the three required files is directly accessible in the
programming interface of Netgen. All our add-in does therefore is to query this infor-
mation and to write it into the three files.

2.2.2 Periodic Unit Cube

The most natural representation of periodic domains is topologic periodicity: A node
that is - geometrically spoken - a periodic image of another node is represented topo-
logically as the same node. The same holds for edges and faces. As the interface for
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2.3 Shape Functions

the mesh import into Concepts does not support this topologic periodicity but Concepts
itself does, we wrote a separate class representing a periodic unit cube.

The unit cube 2 = (0,1)? is split into n® cubes first. These cubes are then split into
six tetrahedrons each. The value of n € N can be specified by the user.

This procedure leads to a structured mesh. The structure in the mesh may cause
undesired effects in numerical tests. We therefore add the possibility to move each inner
point of the cube randomly. The displacements are chosen uniformly in (—j/n,j/n)3.
The jitter value j can be chosen by the user. The effect of different values of j is tested
in section 3.1.3.

2.3 Shape Functions

As mentioned in section 1.2.2, the basis functions ¢ in the FV DG method are chosen
to be piecewise polynomial, i.e.

0 e SN T ={¢;0lk € PP(K)V K € Tp} (2.9)

The support of a basis function is exactly one single element K;. Thus, each global basis
function ¢y can be identified with an element’s local shape function N!.

In the present work, only piecewise constant basis functions (p = 0) and piecewise
linear basis functions (p = 1) for tetrahedral meshes are implemented. In the follow-
ing, the formulation and the properties of the corresponding linear shape functions are
described.

2.3.1 Orthogonal Basis

Like in conforming FE methods, the shape functions are defined on a reference element
K depicted in figure 2.4. Accordingly, one defines the reference element shape functions
N; and gets the related shape functions NN; by an affine transformation of K onto the
element in the physical space, K.

Since uy, v, are discontinous at element interfaces, one is not restricted to use nodal
shape functions. Instead, the reference element shape functions N; are chosen to be
orthogonal on the reference element:

K

As (M) = (0m, ¢n), the mass matrix M becomes diagonal, which is crucial for the
method’s performance, since the mass matrix needs to be inverted in every timestep.
Still, there are several degrees of freedom on how to actually choose the form of the
shape functions. The ones used here have the following properties in addition to their
orthogonality:
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2 Implementation in Concepts

e The shape function No=1is constant, Ni,i € {1,2, 3} are non-constant and have
vanishing mean value.

e The non-constant shape functions vanish on all but two edge centers of the tetra-
hedron.

These properties determine except for a constant factor the form of the reference element
shape functions:

Ny = 1 (2.11)
Ny = 265 +265—1 (2.12)
Ny = 264261 (2.13)
Ny = 264261 (2.14)

Throughout the implementation, the special form of the shape functions is exploited,
especially when quadrature is used.

2.3.2 Quadrature

The FV DG method contains integrals over element faces and volumes. Therefore,
appropriate quadrature rules suited to the chosen shape functions are needed. The
two first quadrature rules presented below, which are used in most cases, are second
order accurate. However, in the convection term in equation (1.1), the accuracy of the
quadrature rule needs to be adapted to the form of the numerical flux. In the case of
the Burger flux, the quadrature needs to be exact for polynomials of degree 3. The last
quadrature rule presented here is exact for polynomials of degree 5, which makes it a
reasonable choice for the face integrals of the convection terms.

Face Quadrature Let E be the set of edge centers of a face in the reference element r
depicted in figure 2.3. Then the quadrature rule for the face integral is

[ fene~ 53 i@ (2.15)

eck

A transformation into physical space yields the following result:
o
f(z)de ~ ; D fle) (2.16)
r

where E is the set of edge centers of the face I' in physical coordinates and |T'| its area.
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2.3 Shape Functions

&,

0 1 &1

Figure 2.3: Reference element of a face. The abscissae of the quadrature rule are shown with filled
circles.

Volume Quadrature Let V be the set of the corners and E be the set of its edge
centers of the reference element K depicted in figure 2.4. Then the quadrature rule of
the volume integral is

R 1 . L
| fene~ o | S afer - 3 o (217)
K eck eV
A transformation into physical space yields the following result:
~ Kl _
fle)dz ~ o, D 4fle) =) fv) (2.18)
K eckE veEV
where V' is the set of corners and F the set of the edge centers of the element K in

physical coordinates and | K| is its volume.

Higher Order Face Quadrature Let O be the set of quadrature points of a face in the
reference element. Then the quadrature rule for the face integral is

[ fee~5 Y v 219

GeQ

where w(§) are the weights belonging to an abscissa ¢q. The values of the weights and
the abscissae in barycentric coordinates are given in the table below:
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2 Implementation in Concepts

&

Figure 2.4: Reference tetrahedron. The abscissae of the quadrature rule are shown with filled circles.

Index Coordinates Weights
0 339 w
1 (&£ (9 +2v15), 2(6 — v/15), £ (6 — V/15)) 15?50%
2| (5(6 = V15), 5(9+2V15), (6 — V1)) | 125010
3 | (&(6— VI5), £(6— VIB), £(0+2VI5)) | 5550
4 (&£(9 — 2v/15), £ (6 + v/15), & (6 + v/15)) %
5 (&£ (64 /15), £(9 — 2v/15), & (6 + v/15)) 15?30?
6| (364 VI, A(6+ VI, 40— 2/F)) | 50

A transformation into physical space yields the following result:

/f £)de ~ 1| S w(@)f(@

GeqQ

(2.20)

where |T'| is the area of the face and where q € ) represent the images of the elements

in the set Q in physical space.
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2.4 Advection

Figure 2.5: Reference element of a face. The abscissae of the quadrature rule are shown with filled
circles.

2.4 Advection

The convection term by (u,v) in equation (1.47) is defined by the use of a flux vector
f(u) and a numerical flux H(u,v,n). In the following, the form of the implemented flux
vectors and numerical fluxes is presented.

2.4.1 Flux Formulation

The flux vectors f(u) implemented here are generalizations of one-dimensional flux func-
tions to the three dimensional case. This implies that all vectors have the form

flu)=f(u)| 1 (2.21)

where f(u) is the flux function of the one-dimensional case. Note that the value of the
flux is only dependent on the variable u, not on the coordinates « or the time t.
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2 Implementation in Concepts

Linear Advection The linear advection flux has the following form:

1

fraw)=au| 1 (2.22)
1

It propagates the solution at a constant velocity a in the direction (1,1,1)7.

Burger The Burger flux has the following form:

1 1
fplu)=-u?| 1 (2.23)
2 1

Its one dimensional flux function is strictly convex, which will be exploited by the nu-
merical fluxes.

2.4.2 Numerical Fluxes in 3D

Numerical fluxes in one space dimension can be obtained by considering the one-imen-
sional Riemann problem

ur, for x<0
up = (2.24)

ug for x>0

Similarly, the three-dimensional counterparts to the one-dimensional numerical fluxes
can be derived by a generalization of the Riemann problem to three space dimensions,
as explained in [6], [7].

In most cases, it is enough to replace the scalar flux function f(u) by a term of the
form f(u) = f(u) - n, where n is the outer normal vector of the face in consideration.
However, care must be taken regarding the convexity, which is now dependent on the
direction of the outer normal. A one-dimensional flux function f(u) which is convex
thus leads to flux functions f(u) that are either convex or concave. Some of the schemes
described below, namely the Godunov and the Osher flux, are only valid for convex flux
functions. To adhere to this condition, one can use the property (1.50) of numerical flux
functions. Hence, one needs to evaluate the form of the numerical flux that belongs to
the convex form of f(u).

Upwind
flug)-m  for f'(@)-n>0
i) = {f(uR)-n for f'(i)-m <0 (22
u = %(UL-FUR) (226)
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2.4 Advection

Local Lax-Friedrichs

H(up, up,n) = %(_f(uL)-n-l—f(uR)-n)—%(uR—uL)
A = 1 u e [’U,L,’U,R]

max, | f'(u) - n|’

The equation for A can be simplified for convex flux functions:

1
~ max([f'(uz) - nl, [ (ug) - nl)

Godunov
fur)-m  for s>0Aug>gs
H(up,ur,m) = f(ur) -m for s<0Aug<gs
f(gs) -m  for up<gqs<ug
s — Flug) -m— f(ug) -mn
Ur, — UR
¢ = (£)7'(0)

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)
(2.32)

Here, s is the shock velocity and ¢, is the argument at the stationary point of f(u).
Note that it is not possible to determine g, analytically in a general three-dimensional
flux function, but the special formulation of the flux functions in this work allows the
use of the argument at the stationary point of the related one-dimensional flux function

f(u).
Osher
f(ur) - m for wup > g, Augr > g,
' fi s s
Hug,upm) f(ugr) - mn or up <qsAugr<gq (2.3
F(ur) + f(ur) — f(gs)) -m for wup>qs Augr <g;
f(QS)n for uL<QS/\uR>qs
g = (f)7(0) (2.34)

For g, the same argument as for the Godunov scheme holds.
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2 Implementation in Concepts

2.5 Diffusion
2.5.1 Diffusion Matrix

The diffusion matrix is defined by the following equation introduced in section 1.2.4:

(A)mn = a’h(gpma(Pn) (235)

The bilinear form ay, is defined by equation (1.51). We split it up into a volume part, a
part from inner faces and a part from boundary faces:

ah(SOma @n) = UJZOl((Pma ‘Pn) + ainn (SOm, (Pn) + a?znd(@ma Son) (2-36)
a2 (Om, Pn) = sz Vo -V, do (2.37)
el K;
A emen) = == 3 [ (Vou) nylel aS (2.38)
(i, eF ¥ i
tse Y / (Von) - nislom] dS
(ij)eF 7 i
emen) = == 3 [ (Vouony) o ds (2.39)
(ij)eG Vi
(1,4)€G Ly

Analogously, we define:

A — AW 4 ginn o pbnd (2.40)
(A" = a4 (Pms Pn) (2.41)
(A" = @3 (s ¢n) (2.42)
(A" = a3 (P, ¥n) (2.43)

We introduce the matrices T, such that the column vector of global basisfunctions
¢(x) can be written in terms of the column vectors of local shape functions N (x) =
{N7}5_¢ as follows:

o(z) = Y TINy(a) (2.44)

The volume diffusion matrix A*” can then be assembled from local volume diffusion
matrices AY:

Avol — ZT;-FA:IO[TZ (245)
el
(A, = a(i,p,q)=¢ [ VNP.VN!dzx (2.46)
K;
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2.5 Diffusion

This volume assembly process was already implemented in Concepts and could be used.
Only the local bilinear form a}’oocl (,p,q) was implemented in LaplaceVolBf.

The inner diffusion matrix A™" can be assembled from local inner diffusion matrices
Ainn .
ijkl:

inn  __ T pinn T Ainn T pinn T pAinn
A= N TTATT, + TT AT, + T ADIT; + T ATnT;  (2.47)
(i.J)eF
(AZjnl?l)pq = a”lLZCn(Z .71 ka lap: Q) (248)

This inner assembly process is performed by the new class Assembly. It takes the local
bilinear form a{""(i, j, k,1,p, q) (LaplaceBoundaryBf) and builds the matrix A*".

loc

The local bilinear form a{" (3, j, k, [, p, q) is defined as:

loc

aje (s 4ok L,pyg) = —(0u—a) e/ VN! -n;; NI dS (2.49)
+(5zk: — 1/2) S € VNlp s Ny N]g ds.
Ts;

The indices ¢ and j define the face I';; to integrate over, while the indices & and [ specify
the the supports of the shape functions N} and N/. This distinction is necessary because
from the operators (-) and [-], the shape functions of both elements K; and K contribute
to both ansatzfunction and testfunction. The factors (6; — /) and (d;x — /) take into
account the factor 1/, in the average operator (-) and the sign introduced by the jump
operator [].

The boundary diffusion matrix A™¢ can be assembled from local boundary diffusion

matrices Aff,fl

At = N TTARIT, (2.50)
(4,5)€G
(AZ)pe = aio (i, K, 1,p, q) (2.51)

This boundary assembly process is also performed by the new class Assembly. It takes
the local bilinear form a?"4(i, 4, k, 1, p, q) (LaplaceInnBf) and builds the matrix A"

loc
The local bilinear form al™ (i, 5, k,1, p, q) is defined as:

a?oncd(z ]akalapa ) = _‘5/ VNIZCJ * Ny qu dS + s 8/ VNlp * Ny, N,g ds (252)
Fi' Fi'

The integrals in the bilinear forms are computed using the quadrature rules presented
in section 2.3.2. As all occuring integrands are in P?, all integrals are computed exactly
by our quadrature formulae.

In traditional FE discretizations of diffusion terms, one usually transforms the integral
to a reference element. The resulting integral can then be calculated once in closed form.
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2 Implementation in Concepts

This is advantageous for cases where the additional transformation is cheaper than the
economized integration. In our case, especially for the face integrals, the transformations
become far more expensive than the quadrature in physical space. We therefore choose
the latter option.

Using the implemented local bilinear forms, a matrix free formulation using the same
structures could easily be realized. New assembly routines would be needed to take the
existing bilinear forms and a state vector u, and to calculate and assemble the vector
Au.

2.5.2 Penalty Matrix

The penalty matrix J can now be treated like the diffusion matrix A. The bilinear form
(1.53) and the matrix are split into a inner and a boundary term. Note that there is no
volume term. With the local bilinear form PenaltyBf

. 1
Jloc(lajvkalap: q) = (25kl - 1)@/ le qu ds (253)
1)) JTy;

both the inner and the boundary matrices can be assembled using the assembly processes
(2.47) and (2.50).
The factor (26, — 1) takes into account the sign introduced by the jump operator [-].

2.6 Right Hand Side

The load vector is defined by the following equation, introduced in section 1.2.4:

Dn(t) = La(en) () (2.54)

The linear form ¢, is defined by equation (1.52) introduced in section 1.2.3:

flon) (1) = (o0hp0) + 56 3 [ un(®) (Ve my) a5 (2.59

(j)ea i

1
+ 8(2 d(ng)/r up(t) ¢, dS

1,j)EG ij

For the linear form and the load vector, we stick to the available assembly process in
Concepts, which performs a loop over elements K;,i € I and not a loop over element

28



2.7 Timestepping

pairs (i,7) € G. So the load vector I(t) is assembled from local load vectors 1;(%):

Ity = > TIU() (2.56)

1€l
L)y = bocli,p) () (2.57)
loelinp) = / o) NP de+ s 3 / up(t) (VNP - ;) dS (2.58)
Ki il(ig)eG ¥ i
.
+ ¢ up(t) NP dS
jl(%):GG d(Lij) Jr, o0

2.7 Timestepping
For the integration in time, the timestepping facilities of Concepts are used. In this
framework, the equation to be solved is of the form

D% =—Dyu + g(1) (2.59)

which corresponds to a system of ODEs that can be solved by one of the timestep-
ping schemes presented in section 2.7.1. A comparison with equation (1.67) yields the
identities

D, = M"=M (2.60)
Dy, = AT +b(:)+eJ” (2.61)
g(t) = 1) (2.62)

where M, A, b(u), J and I(t) are defined in section 1.3. In the following, the right
hand side terms will be grouped together as

Ly(u,t) = —Dou + g(t) (2.63)
The equation to be solved then has the form
Dy = Ly(u,t) (2.64)

In every timestep, the matrix D, needs to be inverted. As we show in section 2.3, the
basefunctions ¢,, can be chosen to be orthogonal, causing D; to be diagonal. Thus
equation (2.64) can be solved extremely efficiently.

2.7.1 Integration Schemes

To guarantee the stability of the FV DG method with explicit timestepping schemes,
total variation diminishing (TVD) Runge-Kutta schemes need to be employed. The
general form of such integration schemes was introduced by Shu [9]. These schemes
are a specialized form of the general explicit Runge-Kutta schemes and are defined as
follows:
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1. At ¢t =t~
ul® = ot (2.65
7@ =0 (2.66)

2. Foriel,...,n:

i—1

u® = ayu® + At DL (w7 ) (2.67)
1=0
i1

fO = 3 4 ® 4 by Ak (2.68)

1=0
3. Update solution:

uf = o™ (2.69)

A tabular representation of a;; and b;; can be used to characterize a specific scheme.
The schemes which are implemented are shown below.

Euler This is the most simple representative of a TVD-Runge-Kutta scheme.

a;g | biy
1 1

According to Cockburn [1] [2], this scheme is unconditionally unstable for the FV DG
method.

2-Step Runge-Kutta This scheme is presented in [1].

aig | big
1 1
1/2 1/2|0 1/2

This is a 2-step TVD-scheme of second order accuracy and the stability criterion is

b;
CFL =max £ <1 (2.70)

Gl Gy
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2.7.2 Limiting

When limiters are used, the general scheme has to be modified. On every intermediate

step of the scheme, the intermediate solution u® is replaced by its limited counterpart
).

T

1. At t =tk
u® =yt (2.71)
7@ =90 (2.72)

2. Foriel,...,n:

i—1

u® = Y aymu® + Athby DL, (u®, 7 0) (2.73)
=0
i1

O = 3 ar® 4 AL (2.74)
1=0

3. Update solution:

ubtt = 4™ (2.75)

In the FV DG method, the advection term by (u,v), which is part of Ly(u,t) here, is
evaluated with the limited solution m,u® as well. See section 1.4 for more details on
the limiting procedure.

2.8 Further Work

The presented implementation of the method can only be used for scalar problems.
A generalization to vector problems would be useful, for instance to solve fluid flow
problems. A parallelization of the code would be desirable as well, since the number
of the degrees of freedom increase rapidly with the problem size. In this connection,
alternative techniques to improve the efficiency of the method should be considered,
such as adaptivity in space and time. An increase of the polynomial degree of the shape
functions might also be helpful, but it seems inpractical with the current implementation,
because all the quadrature formulae are hard-wired to the currently used shape functions.
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3 Numerical Results

3.1 Pure Advection Problem

This part is concerned with testing the implementation of the convection part of equation
(1.1), which can be written as

ou+V - f(u)=0 (3.1)

The test involves calculations with piecewise constant shapefunctions in section 3.1.2
and piecewise linear shapefunctions in section 3.1.4. An error analysis and stability
analysis is presented in both cases. The calculations are done using a unit cube domain
Q = (0,1)® with periodic boundary conditions. The initial conditions are chosen as

1
u'(z) = 1 sin(m(2zy + 2z + 223 — 3)) (3.2)
In section 3.1.1 the analytical solution of this problem for the case of the linear advection

flux and Burger’s flux is presented.

3.1.1 Exact Solution and Error Measures

For pure advection problems, exact solutions can be found using characteristics. Equa-
tion (3.1) can be written as

O + f'(u) - Vu=0 (3.3)
where

f'(u) = 0uf (u) (3-4)
Using the ansatz for u

u(z,t) = u(x(t),t) (3.5)
the characteristics «(t) can be identified with the following equation:

dz

= fw (3.6)
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3 Numerical Results

Further inspection of equation (3.1) shows that the value of v doesn’t change along the
characteristics defined in (3.6):

du(z(t))

S =0 (3.7)

Since f' only depends on u, the characteristics are straight lines and hence a differentiable
solution u(x,t) can be retraced to its initial condition u%(xy) using the identity which
follows from equation (3.6):

zo(z,t) =z — tf'(u(z,t)) (3.8)

These results are now applied to the flux functions presented in section 2.4.1 and suit-
able error measures are introduced. Due to computational difficulties calculating the
total error, we only assess the approximation error. By considering only this error, we
are neglecting the discretization error. For basis functions of polynomial order p, the
discretization error is known to be O(hP™'). Thus, the effect of this neglect can be
estimated as follows:

||U'h - uewact” = ||uh — 71-pue;ca,ct + 71—puezca.ct - uewact“
||uh - '/Tpue:vact” + ||7rpue:wct - ueacact“

O(ha) + O(hp+1) — O(hmin(a,p+1))

IN

where 7, is the L? projection into SP~!, defined as:

mu € SPT (3.9)
u,v) = (mu,v) Vv e SP! 3.10
p

Thus, we know that when observing a convergence order o < p+1 in the approximation
error, we are guaranteed to have a convergence order « in the total error.

Linear Advection For the linear advection flux (2.22), the initial condition is trans-
ported at the constant speed a:

Uegaet(T, 1) = u’(z —ta(1,1,1)") (3.11)
For the error analysis presented in section 3.1.2, the maximum norm

€p = ||uewact - U'h”LOO(Q,Th) (312)

is used.
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3.1 Pure Advection Problem

Burger’s Flux For Burger’s flux (2.23), the exact solution can still be evaluated using
characteristics:

uewact(wa t) = U'O(m - tuewact(ma t) (1a ]-a 1)T) (313)

However, the state of u.;. at a given & and t depends on the state itself, so that an
explicit evaluation of equation (3.13) is impossible. Thus, a different approach to measure
the error must be taken. For the error measure used here, the numerical solution u,(x, t)
is regarded as an exact solution to a different initial condition @°:

(o) = un(x(t)) — tun(w,t) (1,1,1)") (3.14)
For the error analysis in section 3.1.4, the maximum norm
en = 14 = @l (a7 (3.15)

is used. Due to the non-linearity of the Burger flux, shocks may form even for smooth
initial conditions. In the shock region, the solution in the shock region is not unique and
it is impossible to reconstruct the initial conditions using characteristics as mentioned
above. It is therefore crucial to measure the error before the shock formation time 7o,
which in the one dimensional case is determined by

1

mingeq f"(up) Oyuo(x)

Tshock = — (3.16)

In the special case of the Burger flux, the relation (3.16) can be generalized using a
directional derivative. For the Burger flux (2.23) this generalization yields

1
Mingeq X2 Vug(z) - (1,1,1)7

Tshock = - (317)

For the initial conditions (3.2), a value of Tspee = 0.37 can be found.

3.1.2 Piecewise Constant Functions

The test cases with piecewise constant shapefunctions are used to test the general frame-
work of the code implementing the convective terms. This includes tests with the differ-
ent formulations of the numeric fluxes presented in section 2.4.2, as well as their behavior
in conjunction with the two different flux functions from section 2.4.1. For time inte-
gration, the second order Runge-Kutta scheme of section 2.7 is used. The results are
plotted at time 7" = 0.25, which lies well before the shock formation time Ty, specified
in equation (3.17). The constant for the CFL-criterion is set to 0.3, in order to guarantee
stability on all meshes. For a discussion on the problems related to the CFL-criterion,
see section 3.1.4.
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3 Numerical Results

time = 0.25

— O(h)
O e(h) : Lax—Friedrichs
+ e(h) : Upwind

10 |

10 10
h

Figure 3.1: Mesh convergence for linear advection flux test cases. The plot shows the behaviour of the
erTor e (h) as a function of the mesh size h.
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3.1 Pure Advection Problem

o time = 0.25
10 —
| — O(h)
r| O e(h):Lax—Friedrichs
+ e(h) : Upwind
x e(h) : Godunov
& e(h) : Osher
10+ s
8
)
! ! 1
107 10"

h

Figure 3.2: Mesh convergence for Burger flux test cases. The plot shows the behaviour of the error
eco(h) as a function of the mesh size h.

As can be seen in figures 3.1 and 3.2, the mesh convergence is of order O(h), as
expected from the analysis in [2].

3.1.3 Effect of Mesh Structure

With our implementation of the periodic cube as presented in section 2.2.2, we now can
assess the effect of structure in the mesh. To this end, we perform the same tests as
described in section 3.1.2, but with a different set of parameters. We vary j between 0
and 0.07, but only for for linear advection flux with upwind numerical flux, with mesh
size h = 0.1 and a fixed constant for the CFL-criterion ¢ = 0.4. We do not increase j
beyond 0.07 because for j > 7_5‘;/5 ~ 0.0746, the resulting tetrahedrons may degenerate
i. e. have negative volume.
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3 Numerical Results

The degeneracy of tetrahedrons is just the extreme manifestation of another effect
occuring also at lower values of j: Not only the structure but also the regularity of the
mesh decreases when increasing j. Due to this regularity effect, an increase of the error
with increasing j has to be expected.

For the error analysis we use the maximum norm and the L? norm:

eoo(j) = ”uemact_uh“L“’(Qﬂ}) (318)
62(j) = ”Ue;cact_uh“L?(Q,’]}) (319)
time = 0.15
1.7 _
o &0 7e,0)
+ e 0)/e (0
1.6
+
1.5F +
+
1.4+ N
O
+ O
1.3 O
O
+
+ + . O ;
12 6 300° ©
1.1+
+
+ O
14 ?-3 o 9 ! | | | | | )
0 0.01 0.02 0.03 0.04 0.05 0.06 0.07

j

Figure 3.3: Mesh structure influence for linear advection flux cases. The plot shows the behaviour of
the error measures ex(j) and e (j) as a function of the jitter parameter j.

Figure 3.3 shows the behaviour of the error measures es(j) and ey () as a function of
the jitter parameter 5. We observe three phenomena:
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3.1 Pure Advection Problem

e Growth:
The error measures grow with increasing j, as could be expected from regularity
decay.

e Boundedness:
The growth is moderate, indicating that the numerical results are not influenced
much by the structure in the mesh.

e Jump:
There is a jump in both error measures at j ~ 0.009. We do not see any explanation
of this phenomenon, but it is certainly interesting!

3.1.4 Piecewise Linear Functions

In this section, the mesh convergence for ansatz and test functions in P! is investigated.
Again, both flux functions implemented - linear advection flux and Burger’s flux - are
tested, but only in conjunction with Upwind und Lax-Friedrichs numerical fluxes. Addi-
tionally, the impact of limiters on the convergence and on the CFL-criterion is explored.

Mesh Convergence To study the general mesh convergence, the same settings as in
section 3.1.2 are used: the constant for the CFL-criterion is 0.3 for the Burger’s flux
and 0.1 for the linear advection flux and the integration is done with the second order
Runge-Kutta scheme. The adaptive limiter from section 1.4 is used to stabilize the
method.

For the linear advection flux, the convergence is or order O(h). This clearly contradicts
[4], where a convergence of order O(h?) is predicted. The situation gets even worse for the
Burger’s flux, where no mesh convergence could be shown. The origin of this behaviour is
unclear, especially since the full convection-diffusion problem defined by equation (1.1)
shows convergence of order O(h?) (see section 3.3). In both cases, the choice of the
numerical flux has little influence on the result.
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o time = 0.25
10 — :
| — O(h)
O e(h) : Lax—Friedrichs
+ e(h) : Upwind
10+ .
®
L L L L L L L L 1
107 107"

h

Figure 3.4: Mesh convergence for linear advection flux test cases. The plot shows the behaviour of the
error e(h) as a function of the mesh size h.
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time = 0.25
T T T
— O(h)
O e(h) : Lax—Friedrichs
+ e(h) : Upwind
+
O (@) (@)
° s
+
+ +
10 -
10_2 -2 . . . . . . . . I—l
10 10
h

Figure 3.5: Mesh convergence for Burger flux test cases. The plot shows the behaviour of the error e(h)
as a function of the mesh size h.
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3 Numerical Results

Influence of Limiters As stated in section 2.7.2, different kinds of limiters can be
used to avoid oscillations near discontinuities. In this test cases here, two combinations
of limiters, the adaptive limiter and the double 7y-limiter are compared to a test case
without limiter:

Ty =Ty =1:  no limiter (3.20)
Tu = Tad, Ty = 1:  adaptive limiter (3.21)
Ty =Ty =7 :  double my-limiter (3.22)
time = 0.25
T T T
| — om) ,
— = 0(h%) /
O e(h) : no limiter /
+ e(h) : adaptive lim.,a =3 , 4
x e(h) : adaptive lim.,a =5 /
. /
* e(h).doubIeTrO ,
/
10° N =
107" N =
s s s s 1
10° 10"

h

Figure 3.6: Mesh convergence for Burger flux test cases. The plot shows the behaviour of the error e(h)
as a function of the mesh size h.

For the adaptive limiter, two parameter values for o are tested. The value o = 5 leads
to a strong limiting behaviour, whereas a = 3 should not influence the solution much,
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3.1 Pure Advection Problem

since the solution for this test case is expected to be smooth at time 7" = 0.25. The
settings for the other parameters are the same as for the other test cases presented in
this section, except that only Burger’s flux with upwinding is tested.

Most strikingly, the method fails to converge when no limiter is applied. On the other
hand, the double my-limiter reduces the order to O(h), which is expected from [3]. The
behaviour of the adaptive limiter remains obscure. Whereas for o = 3 there seems to
have a mesh convergence of order O(h?) on refined meshes, the method cannot even
guarantee a mesh convergence of order O(h) for @ = 5. It is unclear whether this is
theoretically justified or the cause of the implementation.

CFL-criterion In this paragraph, an upper bound for the CFL constant c is sought. In
[2], some information on this issue is presented, but the exact form of the CFL condition
is left out. For our purpose, we use the definition presented in section 2.1.3:
At = i i i 3.23
= C KT 2ev(i) | f (un ()] (3.23)
where uy, is a projected initial condition and hg is an appropriate measure for the size
of K € T,. Here, we use hx = |K|'/3.

In the table below, the numerically found upper bounds for the CFL constant ¢ are
presented, depending on the flux function and the limiter used. The results are shown
for different hx to see if the condition is independent from the mesh’s size. All results
are obtained using the TVD Runge-Kutta method presented in section 2.7

Linear Advection Burger
hi | no limiter ‘ adapt. lim. ‘ mo-limiter || no limiter ‘ adapt. lim. ‘ mo-limiter
0.14 0.25 0.56 0.25 0.69 3.06 0.69
0.10 0.25 0.56 0.25 0.56 1.50 0.56
0.07 0.25 0.50 0.25 0.44 1.13 0.44

Table 3.1: Numerically determined upper bounds for CFL constant ¢ in equation 3.23,
depending on mesh size hg, limiter and flux function.

It can be seen that the choice of the flux function has a large impact on the CFL

constant. For the Burger’s flux, the resulting upper bound is not mesh independent,
which is not desirable.
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3 Numerical Results

3.2 Pure Diffusion Problems

In order to test the discretization of the diffusion terms separately, we solve two problems
without advection terms. In section 3.2.1, we consider the Poisson equation. In section
3.2.2, the heat equation is tested in order to see the consequences of the choice of the
parameter s introduced in section 1.2.3.

3.2.1 Elliptic Problem

When we neglect the time derivative and the advection term in (1.1) and set € = 1, we
obtain the following boundary value problem: Find u : Q2 — IR such that

—Au = g inQ, (3.24)

u |aQ

This is the three-dimensional Poisson equation. We are now looking for an approximate
solution uy, € Sy. Using the same discretization techniques as for (1.1) yields

(A+0)"u =1 (3.26)

where A, J, u and [ are defined as in section 1.3, except that neither u nor [ depend on
time. This linear system can be solved with a suitable solver. As A + J is sparse but
not necessarily symmetric, it is favorable to use an iterative solver, but one cannot use
the conjugate gradient method. We choose a GMRes algorithm already implemented in
Concepts.

For the sake of simplicity, we choose the following data:

Q = {z;|lz| <1} Cc R (3.27)
g = —6 (3.28)

The problem (3.24) — (3.25) then has the exact solution:
Uegact(®) = xT-T—1 € P*N) (3.30)
We assess the performance of the method by calculating the H! seminorm of the error:
e(h) = |up— Uemact|H1(Q,Th) (3.31)
up(e) = u-p(x) (3.32)

Because Uezeer € P%(S2), the seminorm can be calculated exactly with the quadrature
rule presented in section 2.3.2.

As we have a piecewise constant ansatz for Vu, and the seminorm measures only the
gradient, we should expect first order convergence, i.e. e(h) = O(h). Figure 3.7 shows
that this convergence rate is in fact observed, indicating a correct implementation of the
discretized diffusion terms.
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3.2 Pure Diffusion Problems

10

o e(h)
— o(h)

h

Figure 3.7: Mesh convergence for elliptic problem. The plot shows the behaviour of the error e(h) as a
function of the mesh size h.

3.2.2 Parabolic Problem

When we neglect only the advection term in (1.1) and set £ = 1, we obtain the following
wmiatial-boundary value problem: Find u : Q7 — IR such that

8tu — Au = q in QT, (333)
u | aax(0,r) = up, (3.34)
u(z,0) =u’(x), =x €. (3.35)

This is the three-dimensional heat equation. We are looking for an approximate solution
at time ¢: up(t) € Sp. Using the same discretization techniques as for (1.1) yields

Mu+ (A+J)'u = It (3.36)

where M, A, J, u and [l(t) are defined as in section 1.3. This linear system of ordinary
differential equations can be solved with a suitable ODE solver.
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3 Numerical Results

As our mass matrix M is not only sparse but even diagonal, a step of an explicit
solver is much cheaper than a step of an implicit solver. On the other hand, explicit
methods require for the timestep At = O(h?). This has the positive side effect, that when
choosing the simple Euler method for timestepping, the error will be O(At) = O(h?).
Because the space discretization error is also O(h?), it is not worth choosing a better
timestepping scheme. Therefore, we will conduct our tests with the Euler method.

For the stability of the scheme, the choice of the parameter s introduced in section
1.2.3 is crucial:

e Antisymmetric discretization of diffusive fluxes, s =1
For s = 1, the matrix A is not symmetric: The contribution of the volume integral
is symmetric, while the contribution of the face integrals is antisymmetric. At first
sight, this seems to be unnatural for the self-adjoint Laplacian. But it turns out
that in this case all eigenvalues of A have positive real part. This means that, for
explicit timestepping, all eigenfunctions are damped, what can be expected from
a diffusion operator. The nonvanishing imaginary parts of some eigenvalues don’t
make sense physically, but this is not a stability issue.

e Symmetric discretization of diffusive fluxes, s = —1
Instead, if we choose s = —1, A is symmetric and has only real valued, but positive
and negative eigenvalues. This means, that some eigenfunctions are amplified
instead of damped, what makes this discretization unphysical and unstable. This
instability was observed numerically. In what follows, we will therefore use s = 1.

For the sake of simplicity, we choose the following data:
Q = (-2,2)°
g =0

(3.37)
(3.38)
w(e,t) = ! < (-4("’“'7"”') (3.39)
(3.40)
(3.41)

(dn(t+0.1))32 P t+0.1)
up = u'[aq
uw = u|=o
The problem (3.33) — (3.35) then has the exact solution:
Uegact = U" (3.42)

We assess the performance of the method by calculating the L! norm and the L*
norm of the error:

ei(h) = |lun— UemctHLl(Q,Th) (3.43)
6oo(h) = ||U'h - uewact“LO"(Q,Th) (344)
un(z) = u-p(x) (3.45)

As we have a piecewise linear ansatz for u, we should expect second order convergence,
i.e. e;(h) = O(h?) and e (h) = O(h?). Figure 3.8 shows that this convergence rate is
in fact observed.
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s time =0.1
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Figure 3.8: Mesh convergence for parabolic problem. The plot shows the behaviour of the error measures
e1(h) and ey (h) as a function of the mesh size h.
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3 Numerical Results

Figure 3.9: The exact solution u* at 3 = 0 and ¢t = 1 for v = 0.5 (left) and v = 0.01 (right).

3.3 Full Advection Diffusion Problem

Finally, we solve the full problem 1.1 — 1.3 numerically as presented in chapter 1. We
use a similar testcase as in [3], though generalized to three dimensions:

Q = (-1,1)? (3.46)
flu) = %u2(1,1,1)T (3.47)

3—3t
wie,t) = —(1- 21— B)2(1 - 23)? atan T2 EIT

v
up = u'lagn =0

(3.48)

(3.49)

W = o (3.50)
g = ou'+ V- fu")—cAu’ ( )
(3.52)

The problem (1.1) — (1.3) then has the exact solution:
Uegact = U (3.53)

As in [3], we set ¢ = 0.002 and run the scheme for v = 0.5 and v = 0.01. The former
gives a very smooth solution, whereas the latter leads to a solution with a steep gradient.
Figure 3.9 shows the exact solution u* in a cutting plane at x3 = 0 for both values of
v at time ¢ = 1, when the solution has the steepest gradient, located along the plane
1+ 29 + 3 = 0. We therefore integrate until 7'= 1 and measure the error at this time.
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3.3 Full Advection Diffusion Problem

For the full problem, the timestep can be dictated either by the advection term or the
diffusion term. The CFL-criterion is expected to look like:

h2
At < min (ca h, ca ?> (3.54)

where ¢, denotes the CFL-constant for the advection and ¢; the CFL-constant for the
diffusion. The chosen value € = 0.002 makes sure that for the meshes in consideration,
the advection is dominant and the timestep is At = O(h).

We use the upwind numerical flux presented in section 2.4.2, and test again three
combinations of limiters:

Ty =Ty =1: no limiter (3.55)
Ty = Ty = o - double 7 limiter (3.56)
Ty = Tad, Ty = 1: adaptive limiter (3.57)

For the adaptive limiter, the parameter « is set to 3.5. All tests are conducted with the
TVD Runge-Kutta timestepping scheme of second order presented in section 2.7.1. We
assert for the timestep At = ¢, h, where ¢, is constant. The error introduced by the
timestepping scheme is therefore known to be O(h?).

We assess the performance of the method by calculating the L? norm of the approxi-
mation error at t = 1:

e(h) = ||Uh_7T1Uexact||L2(Q,Th) (3.58)
up(e) = u-p(x) (3.59)

Figure 3.10 shows the convergence for v = 0.5. As the solution has no very steep
gradient, the scheme without limiter has convergence order 2. This corresponds to the
theoretical result presented in [2]. Applying the mo-limiter reduces the convergence order
to 1, which is expected from [3]. The adaptive limiter is able to restore the convergence
order 2 as expected from [4]. It seems that the diffusion, even if very small, has a good
influence on the convergence properties of the method.

Figure 3.11 shows the convergence for v = 0.01. Here, the gradient is very steep, which
is numerically equivalent to a discontinuity. This causes all schemes to have convergence
order 1. The scheme without limiter diverged at A = 0.025, which makes it unusable.
The scheme with double my-limiter works well in this case, but is unable to achieve second
order convergence for smooth solutions (see figure 3.10). Only the adaptive limiter has
optimal convergence order in both cases.
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v=05
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Figure 3.10: Mesh convergence for full problem. The plot shows the behaviour of the error e(h) as a
function of the mesh size h for v = 0.5 and different limiters.
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v=0.01
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Figure 3.11: Mesh convergence for full problem. The plot shows the behaviour of the error e(h) as a
function of the mesh size h for v = 0.01 and different limiters.
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